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For a manned Mars mission, many previous interplanetary studies have arbitrarily assumed that the required
parking orbit can be achieved with tangential periapsis burns at both Mars arrival and departure without
considering the actual arrival and departure orbital geometries. As a consequence of this assumption, a
misleading estimate of up to 50% of the initial low-Earth-orbit mass may result for the mission. In this paper,
a method is presented that finds Mars parking orbits that allow tangential periapsis burns at both arrival and
departure. This method accounts for the actual geometry at both arrival and departure between the hyperbolic
asymptotes and the orbital plane, along with the precession effects caused by the oblateness of Mars. Thus,
realistic A V values (and hence initial low-Earth-orbit masses) are obtained for these orbits. The results obtained
from the present method compare very well with a trajectory integration program and require CPU times of only
about 1 min. Therefore, because of its computational efficiency and accuracy, the present method would be an
ideal tool to use in preliminary mission design, since it provides the opportunity to incorporate realistic Mars
parking orbits effects.

/a,
hp
/
72
k

m

p
Re

AF
AQ
Aw
6

Nomenclature
semi-major axis of parking orbit, km
semi-major axis of the approach or departure hyper-
bola, km
eccentricity of parking orbit
eccentricity of hyperbola
true anomaly at infinity, deg
periapsis altitude, km
inclination, deg
second zonal harmonic of the Martian gravity field
number of revolutions of the longitude of the ascend-
ing node
number of revolutions of the argument of periapsis
mean angular rate, deg/s
unit vector defining direction of periapsis
semi-latus rectum, km
equatorial radius of Mars, km
periapsis radius, km
stay time, s
hyperbolic excess velocity, km/s
right ascension of the arrival or departure hyperbolic
asymptote, deg
velocity increment, km/s
difference in longitude of ascending node, deg
difference in argument of periapsis
declination of the arrival or departure hyperbolic
asymptote, deg
maximum declination between the arrival and depar-
ture hyperbolic asymptotes, deg
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0 = true anomaly of parking orbit, deg
/* = gravitational parameter of Mars, kmVs2

</> = angle between P and the intersection of the arrival or
departure hyperbolic

ft = longitude of the ascending node, deg
co = argument of periapsis, deg

Subscripts
arr = arrival
dep = departure

Introduction

E VER since the Apollo program, NASA has given serious
consideration to a manned mission to Mars. Recent rec-

ommendations by President Bush, Sally Ride,1 and the Syn-
thesis Group2 have further heightened interest in such a mis-
sion. As a result, many studies have produced preliminary
guidelines on performing Mars missions for the early part of
the next century. These guidelines have addressed most aspects
of the mission, including propulsion options, crew sizes, trip
times, mission opportunities, and radiation exposure limits.3"6

Considering these guidelines, parametric studies were per-
formed to determine the minimum initial low-Earth-orbit
(LEO) mass of the spacecraft proposed for these missions.
However, accounting for every segment of the mission in these
studies would require extensive analysis time. Therefore, in
the past, many simplifying assumptions have been made. If
some segments are neglected or not given serious consider-
ation, an overly optimistic estimate of the initial LEO mass of
the spacecraft may be made.

One mission segment frequently neglected is the Mars park-
ing orbit, into which the Mars transfer vehicle would be in-
serted upon arrival. Many previous interplanetary studies ar-
bitrarily assumed that a convenient parking orbit exists for the
spacecraft, where tangential periapsis burns are possible at
both Mars arrival and departure without taking into account
the actual arrival and departure geometries between the respec-
tive hyperbolic asymptote and the parking orbit plane.5'7"9

Therefore, the validity of the arrival and departure velocity
increments (AV values) obtained by these studies, based solely
on orbital energy considerations (i.e., performing tangential
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Fig. la Geometry between the hyperbolic asymptote and the orbital
plane at arrival or departure.

Fig. Ib Enlargement of shaded spherical triangle from Fig. la.

periapsis burns), is questionable. Additionally, a spherical
Mars is assumed by these studies. Therefore, the parking orbit
does not precess during the designated stay time, further di-
minishing the validity of the AV values. As a result, these
simplifying assumptions may produce overly optimistic AF
estimates and, hence, misleading initial LEO mission masses.

The recognition of the potential problems that might arise
in taking the Mars parking orbit for granted was addressed in
Ref. 10. That study showed that a penalty in the initial LEO
mass as high as 50% can be realized if the arrival parking orbit
plane is not properly selected. This penalty is mostly due to the
out-of-plane A F that is required to align the departure velocity
vector with the departure hyperbolic asymptote. This problem
of avoiding the out-of-plane AK penalty was addressed by
Ref. 11. In that study, the actual arrival and departure ge-
ometries were considered, along with the precession of the
parking orbit, in determining an arrival orbital plane such that
only in-plane burns are required at both arrival and departure.
Thus, the arrival and departure AV values, and hence the
initial LEO mass, can be significantly reduced. However, in
obtaining the in-plane solutions, Ref. 11 only accounted for
the precession of the longitude of the ascending node but not
the line of apsides. As a result, only in-plane burns were
possible using the method of Ref. 11. Therefore, a solution for
determining parking orbits that use only tangential periapsis
burns at both arrival and departure (as assumed by the previ-
ous studies) is still needed since this situation should result in
the lowest A V requirement.

Thus, the subject of this paper is the development of a fast
numerical method to determine the existence of Mars parking
orbits that ensure tangential periapsis burns at both arrival
and departure and take into account both the precession of the
longitude of the ascending node and the line of apsides.
Hence, the actual arrival and departure geometries, along with
the precession of the parking orbit, are considered in obtain-
ing the arrival and departure A V values. Therefore, a realistic
estimate of the initial LEO mission mass can be obtained.
Additionally, for a given interplanetary trajectory, this paper
also shows that the inclination and eccentricity of the parking
orbit are no longer independent parameters that can be se-
lected arbitrarily, if tangential periapsis burns are used at
arrival and departure. That is, the tangential periapsis burns
requirement fixes the orbital geometry between the hyperbolic
asymptotes and the parking orbit plane at arrival and depar-
ture. Consequently, only discrete values of the inclination and
eccentricity of the parking orbit are possible that satisfy the
interplanetary trajectory constraints. Hence, for a given inter-
planetary trajectory, only a limited number of parking orbits
will exist that allow tangential periapsis burns at both arrival
and departure.

Analysis
Since the arrival and departure hyperbolic asymptotes at

Mars, along with the designated stay time, are known from the
interplanetary trajectory, the following equations can be used
to relate the geometry at Mars arrival or departure between the
hyperbolic asymptote and the orbital plane (see Figs, la and
Ib):

tan /

cos(co + 0) = cos(a - Q)cos d

. , ,. sin d
sm(co + </>) = ——sin i

(2)

(3)

Equations (1-3) can be directly derived from Fig. Ib and
spherical trigonometry, where a and d are known from the
interplanetary trajectory. In Figs, la and Ib, P is a unit vector
that defines the direction of periapsis, and </> is the angle
between P and the intersection of the hyperbolic asymptote, as
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Fig. 2 Geometry between the arrival hyperbolic asymptote and the
approach hyperbola.
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it continues through the center of the planet (dashed line), and
the orbital plane at arrival or departure.

Since tangential periapsis burns are performed at both Mars
arrival and departure, the parking orbit and the hyperbola at
arrival and departure share a common argument of periapsis
o>. Therefore, if the arguments of periapsis of the approach
and departure hyperbolas are found, the arguments of periap-
sis of the parking orbit at arrival and departure will be known.
Additionally, the true anomaly 6 of the parking orbit at arrival
and departure is zero because tangential burns are performed
at periapsis.

The argument of periapsis of the approach or departure
hyperbola can be obtained by relating </> to its true anomaly at
infinity (/<»). Figures 2 and 3 show the relationship of the
approach and departure hyperbolas with the arrival and de-
parture hyperbolic asymptotes. Looking at these two figures,
<j> at Mars arrival and departure, respectively, is observed to be

</>=180deg-/00

</>=/oo

(4)

(5)

The true anomaly at infinity/« of the approach or departure
hyperbola can be calculated by relating it to its eccentricity

/oo = COS-1( —— (6)

where £hyp can be obtained from the following equation defin-
ing the periapsis radius rp of a hyperboja:

rp = (Re + hp) = ahyp(l - <

Eliminating #hyp in Eq. (7) with

/*

(7)

(8)

and substituting into Eq. (6), /«, of the approach and depar-
ture hyperbola can be determined from the following equa-
tion,

(Re
(9)

Departure
hyperbolic
asymptote

Departure
hyperbola

Mars

Fig. 3 Geometry between the departure hyperbolic asymptote and
the departure hyperbola.

Table 1 Trajectory parameters and planetary constants
Asymptote

a, deg
5, deg
VQO, km/s
Mars gravitational parameter /*,
Mars /2
Mars equatorial radius Re , km

Arrival
253.9
-21.4

5.441
km/s

Departure
212.66
-12.5

3.873
42,828.0
1.9595X10-3

3,400.0

Table 2 Parking orbits obtained by the present method (hp = 500 km)

/, deg
21.8
27.4
51.9
56.1
70.8
75.0

130.8
133.4
133.9
135.4

e
0.1102
0.0468
0.0960
0.1334
0.3953
0.3703
0.3451
0.0648
0.0496
0.2363

Oarr,
deg

355.4
303.0
271.9
58.7

261.9
68.0
93.8
95.8

231.9
230.6

fidep,
deg

359.0
237.9
22.7

221.3
217.1
29.3

201.7
44.8,

200.4
45.7

°deg
185.1
233.3
258.1
131.8
263.0
127.9
134.5
135.9
255.3
254.4

WdeP,
deg
100.7
217.0
81.0

229.9
231.7
77.9

228.4
82.3

227.5
82.9

AKarr,
km/s
3.690
3.791
3.712
3.653
3.267
3.302
3.338
3.762
3.786
3.497

km/s
2.588
2.689
2.611
2.552
2.166
2.201
2.237
2.660
2.685
2.395

once a periapsis altitude hp has been selected for the parking
orbit. In Eq. (9), Vo, is known from the interplanetary trajec-
tory. Therefore, knowing/oo, 0 can be determined and, hence,
the argument of periapsis of the approach or departure hyper-
bola. Since tangential periapsis burns are performed, the or-
bital plans at arrival and departure have the same argument of
periapsis as the respective hyperbolic orbit.

For a given inclination, the longitude of the ascending node
of the arrival orbital plane can be determined from Eq. (1).
Substituting this value into Eqs. (2) and (3), the sum of co + <t>
can be uniquely calculated because both the sine and the
cosine functions are known. Once /„ is determined, co of the
arrival orbital plane can be found. Note that only the sine
function is available for determining the longitude of the
ascending node of the arrival orbital plane in Eq. (1). There-
fore, the other quadrant solution for Q must also be tried in
Eqs. (2) and (3). As a result, there are two solutions for the
arrival longitude of the ascending node and the argument of
periapsis. Now, this procedure is repeated for the departure
geometry (for the same value of inclination) to determine the
argument of periapsis and the longitude of the ascending node
of the departure orbital plane. Again, note that two values of
the departure longitude of the ascending node and the argu-
ment of periapsis are obtained. Thus, the arrival and depar-
ture longitudes of the ascending node and arguments of peri-
apsis of the orbital planes are known. Therefore, the
difference in their values (AQ and Aco) sets up a criterion that
must be satisfied by the precession rates of the parking orbits.
That is, the eccentricity of the parking orbit must produce the
precession required by the geometrical constraints imposed by
the arrival and departure hyperbolic asymptotes. Knowing A12
and Aco, the equation relating the precession of these two
quantities to the /2 planetary oblateness expansion,12

2--sin2/

AQ= -
2

—) cos(i)
p

(10)

(ID

can be used to determine the value of the eccentricity that
satisfies them during the designated stay time. In Eqs. (10) and
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(11), tis known from the interplanetary trajectory. The semi-
latus rectum p and the mean angular rate n can be defined as

p=a(l- e2) (12)

(13)

Substituting these into Eq. (10), and using the following trans-
formation,

rp = (Re + hp) = a(\ - e) (14)

where rp is the periapsis radius of the parking orbit, Eq. (10)
can be expressed as

(15)

time is consistent with the use of first-order theory in the
gravitational model for Mars.

As mentioned, the quadrant in which Q lies cannot be
uniquely determined; therefore, there will be four combina-
tions of AQ and Aco for a particular geometry (i.e., for each
value of inclination). As a result, there will be an eccentricity
for each AQ/Aco combination. Equations (10) and (11) can be
used to eliminate the combinations of AQ and Aco that do not
satisfy the geometrical constraints posed by the arrival and
departure hyperbolic asymptotes. Dividing Eq. (10) by (11),
the following relationship exists between the inclination of the
parking orbit and AQ and Aco:

Aco 2 - (5/2) sin2/
AQ -cos/ (18)

Equation (18) can be used to screen the AQ/Aco combinations
to produce the proper quadrant in which Q lies at arrival and
departure for each inclination. As a result, only one A12/Aco
combination will remain, and hence only one eccentricity will
be produced. Note that, for a given inclination, there may be
no combination of AQ and Aco that satisfies Eq. (18). There-
fore, a tangential periapsis-to-periapsis transfer will not be
possible for that particular value of inclination or geometry.

where

(16)

Equation (15) is quartic in eccentricity only. Therefore, for a
given inclination and periapsis altitude, the eccentricity that
satisfies Aco can be determined. A closed-form solution does
exist for solving a quartic equation13; thus, the value of the
eccentricity can be explicitly obtained. Note that the calcula-
tion of the eccentricity from the quartic solving algorithm in
Ref. 13 should be performed in double precision. Also, note
that the longitude of the ascending node and the argument of
periapsis of the parking orbit could precess through more than
one revolution during the specified stay time. Hence, a preces-
sion of (k x 360 deg) + AQ and (m x 360 deg) + Aco could also
be a solution and needs to be tried, where k and m are the
number of revolutions of the longitude of the ascending mode
and the argument of periapsis of the parking orbit during the
stay time, respectively.

Using the eccentricity obtained from Eq. (15), the preces-
sion of Q (resulting from this eccentricity) can be found from
Eq. (11). If this precession of Q equals AQ (obtained from the
geometrical constraints), then a tangential periapsis-to-periap-
sis transfer is possible for this inclination having the eccentric-
ity obtained from Eq. (15). Once the eccentricity has been
determined, the arrival and departure A V values at Mars can
then be simply calculated from the difference in the velocities
between the respective hyperbola and the parking orbit (be-
cause tangential periapsis burns are performed), where the
velocities of the respective hyperbola and the parking orbit at
arrival and departure can be determined from their energies.
Finally, an iteration on the remaining values of inclination can
be performed to obtain other eccentricities that may satisfy the
geometry. Note that Eqs. (1) and (3) indicate that the inclina-
tion of the parking orbit is constrained by the declination of
either the arrival or departure hyperbolic asymptote. There-
fore, accounting for both the arrival and departure orbital
geometries and using tangential periapsis burns, the inclina-
tion of the parking orbit must be within the following range:

I6 m a x l< /<180deg- I6maxl (17)

for the sine functions of Eqs. (!) and (3) to be defined. Also,
the assumption of a constant inclination, eccentricity, and
semi-major axis of the parking orbit over the length of the stay

Results and Discussion
To illustrate the method outlined in this paper, an opposi-

tion class Mars mission was arbitrarily selected from the set of
opportunities presented in Ref. 5. The interplanetary trajec-
tory, having a 60-day stay time at Mars, uses a Venus swingby
on the outbound (Earth-Mars) leg and has a total trip time of
1.6 yr. The arrival and departure hyperbolic asymptotes at
Mars are given in Table 1, along with the planetary constants
that were used.

Table 2 shows the results from applying the present method,
where a periapsis altitude hp of 500 km was arbitrarily chosen
for the parking orbit. As seen in Table 2, multiple tangential
periapsis-to-periapsis transfer solutions are available with
varying characteristics, where the inclination /, eccentricity e,
and the arrival and departure longitudes of the ascending node
Qarr and Qdep respectively, and arguments of periapsis coarr and
codep of the parking orbit are presented, respectively, along
with the corresponding arrival and departure A V values, AKarr
and AFdep. As seen, posigrade as well as retrograde parking
orbits are possible with eccentricities ranging from near circu-

Table 3 Parking orbits obtained by POST (hp - 500 km)

'Ydeg
21.8
27.5
51.9
56.2
70.8
75.0

130.8
133.4
133.9
135.4

Table 4

/, deg
62.9
73.5

136.7
138.7

e
0.1132
0.0479
0.0951
0.1327
0.3934
0.3695
0.3459
0.0657
0.0495
0.2367

fiarr,
deg

354.7
302.8
271.9
58.7

261.8
68.0
93.8
95.8

231.9
230.6

deg
359.1
237.7
22.6

221.2
217.0
29.2

201.5
44.6

200.0
45.6

Parking orbits obtained

e
0.2015
0.1898
0.0091
0.0740

fiarr,
deg

121.5
312.8
293.7
292.6

fldep,
deg
41.3

261.0
184.2
138.8

d'eg
185.8
233.5
258.1
131.8
263.0
127.9
134.5
135.9
255.3
254.4

Wdep,
deg
100.6
217.1
80.9

229.8
231.9
77.8

228.4
82.2

227.4
82.9

AFarr,
km/s
3.686
3.790
3.713
3.654
3.268
3.303
3.337
3.761
3.786
3.496

by the present method (hp =

"deg
296.2
86.5
80.7
79.8

codep,
deg
299.8
31.7
4.4

330.1

AFarr,
km/s
4.866
4.885
5.180
5.071

AFdep,
km/s
2.584
2.688
2.611
2.553
2.167
2.202
2.236
2.659
2.685
2.395

250 km)

AFdep,
km/s
3.560
3.578
3.873
3.764
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lar to about 0.4 for this mission profile. Higher eccentricities
for the parking orbits were not achievable for this mission
profile because the stay time at Mars was not long enough to
allow sufficient precession of the longitude of the ascending
node and the argument of periapsis. However, in general, if a
longer stay time is selected, higher energy parking orbits may
be attainable. Note that the selection of an appropriate step
size on the inclination range is critical in obtaining all valid
solutions. A step size too large on the inclination range may
miss some solutions, whereas a step size too small would
reduce computational efficiency. Usually, a good step size to
use. on the inclination range is approximately 0.001 deg, as was
the case for obtaining the results of the present paper. How-
ever, the step size will depend on the particular conditions
being analyzed.

As seen from the results, there are only a limited number of
parking orbits that allow tangential periapsis burns at both
arrival and departure. This outcome is a consequence of con-
straining the periapsis burns to be tangential, which fixes the
orbital geometry between the hyperbolic asymptotes and the
parking orbit plane at arrival and departure. As a result, the
arrival and departure orbital geometries dictate the necessary
precession of the longitude of the ascending node and the
argument of periapsis and hence, the inclination and eccentric-
ity of the parking orbit. Therefore, if tangential periapsis
burns are desired at both arrival and departure, the inclination
and eccentricity of the parking orbit can no longer be indepen-
dent parameters that are chosen arbitrarily.

The results of the present method were verified using the
Program to Optimize Simulated Trajectories (POST),14 which
numerically integrates the equations of motion. Table 3 shows
the results obtained from POST. Comparing Tables 2 and 3,
the inclination, eccentricity, and the arrival and departure
longitudes of the ascending node and arguments of periapsis
of the parking orbit are very close, within 1% for almost all
cases. Additionally, the arrival and departure AV values be-
tween POST and the present method also agree very well,
within 0.1% for all cases. The computation time required on
a Silicon Graphics 360s computer for the present method is
about 1 min of CPU time for all orbits shown in Table 2,
whereas POST, on average, required about 6 h of CPU time
for each orbit shown in Table 3. The computation times on
POST were large because a good initial guess for the solution
was not known to start the simulation. If the results obtained
from the present method were used as initial guesses for the
solutions, the computation time for POST could be reduced to
about 2 h for each orbit. However, the two hours were still
required because POST explicitly integrates the equations of
motion.

Tables 4 and 5 show another comparison between the pre-
sent method and POST for an opposition-class Mars mission
obtained from Ref. 8. The interplanetary trajectory, having a
30-day stay time at Mars, uses a Venus swingby on the in-

Table 5 Parking orbits obtained by POST (hp = 250 km)

/, deg
62.8
73.5

136.8
138.8

e
0.2004
0.1876
0.0095
0.0744

Qarr,
deg

121.5
312.8
293.7
292.6

Gdep,
deg
41.4

261.1
184.2
138.9

°dTg
296.2
86.5
80.6
79.8

"del
299.9
31.8
4.4

330.1

km/s
4.867
4.886
5.179
5.070

km/s
3.564
3.577
3.871
3.762

Table 6 Trajectory parameters for the second comparison
Asymptote

Arrival Departure
a, deg
S, deg
Voo, km/s

128.7
13.7
7.131

66.7
39.9
5.480

bound (Mars-Earth) leg and has the arrival and departure
hyperbolic asymptotes (with respect to Mars) as given in Table
6. For this example, a periapsis altitude of 250 km was arbi-
trarily chosen for the parking orbit. As seen, the results be-
tween the present method and POST compare well again,
within 1% for almost all cases, with similar computation times
as already stated. For this case, only four orbits were possible
for performing tangential periapsis burns at both arrival and
departure. This is a consequence of the short stay time at
Mars. If more orbits are desired for a particular trajectory, a
lower periapsis altitude should be selected since this condition ,
will increase the precession of the longitude of the ascending
node and the argument of periapsis as dictated by.Eqs. (10)
and (11), thus leading to more possible solutions. Moreover,
in general, Mars missions (i.e., interplanetary trajectories)
with longer stay times and/or with lower 6max values will
produce more parking orbits that utilize tangential periapsis
burns at both arrival and departure. This consequence is again
a result of Eqs. (10) and (11), where a longer stay time and a
lower 6max [hence, a lower inclination due to Eqs. (17), (1), and
(3)] increase the precession of the longitude of the ascending
node and the argument of periapsis.

The only limitation for the present method is that the grav-
itational model of Mars only includes the second zonal har-
monic term J2. This approach was selected in an effort to
efficiently determine the precession of the longitude of the
ascending node and the argument of periapsis of the parking
orbit. As a result, any perturbations to the parking orbit
caused by other gravitational coefficients, atmospheric drag,
or solar radiation pressure are not considered. However, for
preliminary mission design, the J2 term is adequate in obtain-
ing reliable results, since it is the dominant gravitational coef-
ficient for Mars.

With the use of the present method, a drastic reduction in
the computation time can be achieved, without losing much
accuracy in the results. Therefore, the present method would
be an ideal tool for preliminary mission design, where it could
be incorporated as a subroutine in a patched conic interplane-
tary trajectory code (such as SWISTO15 or MULIMP16) due to
its low computation requirements. As a result, actual arrival
and departure A V values can be obtained for parking orbits
that use tangential periapsis burns at both Mars arrival and
departure. Thus, a realistic initial LEO mass can be deter-
mined for each interplanetary trajectory, instead of arbitrarily
assuming ideal conditions for Mars insertion and departure as
is done currently in many interplanetary studies.

Summary
In this paper, a method is presented that finds Mars parking

orbits that allow tangential periapsis burns at both arrival and
departure. In obtaining these orbits, the present method con-
siders the actual geometry between the hyperbolic asymptotes
and the orbital plane at both arrival and departure, along with
the precession effects caused by the oblateness of Mars. As a
result, realistic arrival and departure A V values (and hence
initial low-Earth-orbit masses) can be obtained. The results of
the present method were verified using the Program to Opti-
mize Simulated Trajectories (POST), a trajectory integration
code; the differences in the inclination, eccentricity, and the
arrival and departure longitudes of the ascending node and
arguments of periapsis of the parking orbits were within 1 %
for almost all cases. Additionally, the arrival and departure
AV values were within 0.1%. The computation time required
to obtain the results using the present method were about 1
min of CPU time, whereas POST required hours of CPU time
for each orbit. Therefore, due to the computational efficiency,
the present method would be ideal for preliminary mission
design, where it could be incorporated into a patched conic
interplanetary trajectory code. As a result, actual arrival and
departure A V values and, hence, a realistic initial low-Earth-
orbit mass, can be calculated for each interplanetary trajec-
tory.
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